We demonstrate the quantized transfer of photon energy and transverse momentum to a high-coherence electron beam. In an ultrafast transmission electron microscope, a three-dimensional phase modulation of the electron wavefunction is induced by transmitting the beam through a laser-illuminated thin graphite sheet. This all-optical free-electron phase space control results in high-purity superpositions of linear momentum states, providing an elementary component for optically programmable electron phase plates and beam splitters.
nanostructures facilitate electron pulse characterization [24] [25] [26] [27] [28] , compression 29;30 , acceleration 31;32 , and attosecond structuring 28;33;34 . Electron phase-space manipulation within the cycle of the electromagnetic field is accessible in the Terahertz [35] [36] [37] [38] [39] [40] [41] [42] [43] and radiofrequency domains [44] [45] [46] [47] [48] .
Ultrafast transmission electron microscopy (UTEM) [49] [50] [51] , an emerging approach to study nanoscale dynamics, is particularly suited for the study of coherent electron-light interactions, including near-field mediated inelastic scattering [52] [53] [54] [55] . In UTEM, a number of experimental studies employed longitudinal momentum transfer to conduct near-field imaging 52;55;56;56-58 , characterize ultrashort electron pulses 51;52;59 , carry out plasmon excitation spectroscopy 60 and probe cavity modes 61;62 . In these experiments, electron spectroscopy reveals quantized energy transfer in multiples of the photon energy. This direct access to the longitudinal phase space enabled the observation of free-electron Rabi oscillations 55 , coherent quantum state control 33;63;64 and attosecond bunching 33 .
Addressing the transverse beam direction, recent experiments reported on the optical deflection 64;65 and streaking 28;34 , and on vortex phase shaping 66 Here, we report the optical preparation and observation of high-purity quantum coherent linear momentum superposition states in the transverse and longitudinal direction of an electron microscope beam. Low-emittance ultrashort electron pulses, generated by nanotip photoemission, are collimated to a micrometer-scale transverse coherence length and transmitted through a laser-illuminated graphite thin film. The imprinted threedimensional sinusoidal phase modulation yields a coherent superposition of correlated energy-momentum ladder states, which is mapped by its far-field scattering distribution.
We begin by considering the theoretical basis for our study. Inelastic electron-light scattering is well-understood, and several approaches have been presented to derive analytical expressions for PINEM sideband amplitudes, including a Green's function formalism 54 , direct integration of the Schrödinger equation 53 and a ladder operator formalism 55 .
In the following, setting a general framework for transverse beam shaping, we offer an alternative, rather concise derivation using a path integral representation of the Consequently, the phase difference Φ(r r r, t) between the phases of the initial plane-wave state and the final state at position r r r and at time t can be written as:
where the second and third terms subtract the phase acquired by the initial state along the path of integration. Equation (1) is the exact semiclassical limit for the phase modulation. It can be further simplified under the assumption that the energy change is small compared to the initial kinetic energy of the electron. Treating the interaction as a perturbation, one obtains in the first order the following expression 71 :
where H I (r r r, t) = ep m A z (r r r, t) is the interaction Hamiltonian (with elementary charge e and electron rest mass m), and A z (r r r, t) is the vector potential in the propagation direction of the electron beam (which we choose along z). With the same accuracy, r r r(τ ) can be approximated by a straight-line path: r r r(τ ) = r r r
The spatial and temporal structure of the phase modulation depends on the specific field geometry in a given experiment. A field distribution breaking translational invariance along the electron propagation direction, e.g., at an optical nanostructure, can induce transitions between states separated by the photon energy 52 . For translational invariance in the direction perpendicular to the beam path, such transitions will entail quantized transverse momentum transfer 72 . The simplest geometry fulfilling both requirements is given by light reflection from a planar surface 33;34;59;64 . This allows for a time-harmonic electromagnetic field that abruptly varies in the z-direction but is propagating along the x-axis.
Consequently, one can choose the form
where G(z) denotes the z-dependent amplitude of the electric field, with angular frequency and transverse wavevector component k ph ⊥ .
Hereby, equation (2) can be concisely written in terms of the Fourier transform of G(z), as follows:
where g describes the strength of electron-light interaction:
It is convenient to deal with the phase modulation in a shifted frame (given by the substitution z − vt → z into Eq. (3)) because, in this frame, both the phase and the initial state Ψ 0 (r r r, t) = exp[i(pz − Et)/h] are independent of time t. Finally, we arrive at
Electron scattering at such a time-dependent phase grating results in the formation of distinct photon orders N in far-field diffraction, with amplitudes given by Bessel functions of the first kind P N = J 2 N (2|g|) 53;55 . Physically, the absorption of a photon with energyhω necessarily involves also absorption of its transverse momentum p ph ⊥ = hk ph ⊥ = h/λ · sin α, with wavelength λ and angle of incidence α for a sample plane normal to the electron beam (cf. Fig. 1b ). As a consequence, a one-to-one correspondence of the scattering distribution in the total kinetic energy and the transverse momentum subspace is expected (Fig. 1b) 72 . We note that transverse optical phase modulation with a uniform coupling constant g acts as a coherent inelastic beam splitter for free-electron beams, if the individual diffraction orders are fully separated in angle. For visible optical frequencies and near-relativistic electrons, the corresponding angular separation amounts to only a few microradians. Therefore, the experimental characterization of such phaseshaped beams, and in particular the resolution of individual scattering orders, requires electron beams of sufficiently low divergence, connected to a micrometer-scale transverse coherence length ξ c = λ e /(2π · σ θ ), with root-mean-square (rms) angular spread σ θ 73 .
As we now demonstrate, such conditions are achieved in our ultrafast transmission electron microscope, which is based on laser-driven photoelectron emission from a Schottky field emission source 51;74 . In the experiment (Fig. 1a) , we generate ultrashort, high-coherence electron pulses by localized single-photon photoemission from a nanoscopic, Schottky-type field emitter tip 51 . After acceleration to a kinetic energy of 200 keV (2.51-pm de-Broglie wavelength), the electron beam is collimated to a FWHM full beam divergence of ∆θ = 1.0 µrad, resulting in a lateral coherence length of ξ c = 0.93 µm (cf. Fig. 3a, top) , and radially limited to a diameter of about 13 µm. Passing the electrons through the optical field of ultrashort laser pulses (800-nm center wavelength, ∼ 50 µm focal spot size, up to 150-nJ pulse energy, dispersively stretched to 3.4-ps duration), that are reflected from the surface of a 120-nm thick single crystalline graphite flake (882.5-nm effective period of the transverse optical phase grating) 1 , imprints a sinusoidal phase modulation onto the electron wavefunction in the transverse and longitudinal beam directions (Fig. 1b) .
The scattered electron distribution is analyzed by operating the electron microscope in diffraction mode (effective camera length of 33 m). We record maps of kinetic energy and momentum using an electron spectrometer (Fig. 2) , or of the full transverse momentum distribution in the far-field (Fig. 3) . Figure 2a shows the kinetic energy and angle-resolved far-field scattering distribution 2 , clearly demonstrating the creation of an equally-spaced comb of energy-momentum states (Fig. 2b) . The transitions in this two-dimensional energy-momentum ladder (cf. space by recording diffraction patterns after the optical interaction. Figure 3 shows the far-field scattering distribution using the same experimental conditions as for Fig. 2 , but recording the diffracted beam by counted electron imaging with a direct detection CMOS camera (Direct Electron DE16). For increasing optical fields (cf. Fig. 3a ), the initial single-peak transverse momentum distribution splits into an equally spaced comb, separated by the transverse photon momentum p ph ⊥ =hk ph ⊥ and well resolved with a visibility of k ph ⊥ /∆k e ⊥ = 2.9, with (∆k e ⊥ -FWHM transverse momentum spread of the electron beam). The purity of the quantum superposition state prepared at a single optical interaction is encoded in the optical-field dependent sideband populations (Fig. 3b, top) , which are, for a non-mixed state, analytically given by Bessel functions of the first kind J N (2g) 53;55 . The experimentally observed occupations are well reproduced by considering a Gaussian distributed coupling constant g with standard deviation σ g (g) (Fig. 3c ).
Beyond a value of g = 2, we find a relative uncertainty σ g /g between 6% and 12%, which indicates a high purity of the generated superposition quantum state 3 . A unique fingerprint of such a state -and validation of its action as a coherent electron beam splitter -is the full suppression of specific sideband orders, e.g., in the zero order beam (N = 0) for the first zero crossing of J 0 (2g), which is achieved for g ≈ 1.2, as clearly visible in Fig. 3a (middle) .
Generally, multiple sources of incoherence are of relevance, which reduce the purity of the quantum superposition state. In the current experiment, there are two main contributions, which are minimized by the design of the experiment. Firstly, incoherent ensemble averages in the preparation of the initial quantum state (i.e., the initial spread in transverse momentum and energy), are reduced by collimating our high-coherence beam, enabling a full separation of the photon orders. Secondly, temporal and spatial variations in the field strength lead to averaging in g, which we minimize by limiting the electron beam diameter and temporally stretching the optical pulse. The simultaneous need of a low electron beam divergence and small diameter require a picometer-scale transverse beam emittance ε x,y . In our experiment, we achieve a value of ε x,y = βγ · σ x σ θ = 1.63 pm · rad (apertured, at the sample stage, with relativistic parameters β and γ). Such high-brightness/low-emittance ultrashort electron pulses are readily available in field emitter-based UTEM instruments 47;51;75;76 .
In conclusion, we have realized a coherent inelastic beam splitter for free-electron beams and demonstrate the optical preparation of high-purity transverse electron beam states.
These capabilities extend the toolset of matter-wave interferometry by providing coherent optical beam manipulation, e.g., as an element for new forms of interferenceenhanced multi-path electron microscopes 77 . Furthermore, taking advantage of the spectral state separation, inelastic electron holography in a STEM-type geometry 78 may give access to non-local information in fundamental material excitations 54;79 . Exploiting the advanced transverse phase-space control in the sub-optical cycle temporal structuring of electron beams will facilitate electron microscopy with isolated attosecond electron pulses, reminiscent of the attosecond lighthouse in optics 80 . Finally, the concept of highcoherence transverse and longitudinal phase modulation can be extended to complex plasmonic light fields, thus, providing for an externally programmable three-dimensional all-optical phase plate for electrons.
